Refined estimates for finite element or, more generally, Galerkin approximations of the eigenvalues and eigenvectors of selfadjoint eigenvalue problems are presented. More specifically, refined results on the asymptotic behavior of the eigenvalue and eigenvector errors are proved. Both simple and multiple eigenvalues are treated.
Introduction.
In this paper we establish some refined estimates for the approximation of the eigenvalues and eigenvectors of selfadjoint eigenvalue problems by finite element or, more generally, Galerkin methods. Suppose A is an eigenvalue of multiplicity q of a selfadjoint problem and let M(A) denote the space of eigenvectors corresponding to A. Denote by || • \\b the energy norm for the problem. Let {Sh}o<h be the family of finite-dimensional approximation spaces employed in the Galerkin method. A will be approximated from above by q of the Galerkin approximate eigenvalues:
A < Xh,l < ■ ■ ■ < Xh,q, A = Xh,l, ■ ■ ■ , Xh,qLet u, with ||u||b = 1, denote an eigenvector corresponding to A, and let Uh,i, ■ ■ ■, «ft,«> with ||u/,,fc||j3 = 1, denote the Galerkin eigenvectors corresponding to A/14, • • • > Xh,q, respectively. It is well known that (1.1) Aft,fc-A<C sup inf ||u-x||b, k = l,...,q, ueM(X) X€i>h llttllfl=l and that there is a uk -uk{h) € M(A), with ||ufc||s = 1, such that (1.2) \\uh,k -uk\\B < C sup inf ||u-x||b, k = l,...,q.
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In [7] , [8] Chatelin proved the following refinements of (1.1) and (1.2):
(1.3a) \\u-Ehu\\B = rha) inf ||«-X||b V« € M(A), xeSh (1.3b) |K,fc-.Euh,fc||fl = rj:6) inf ||£uM -X||b, k = l,...,q, and (1.3c) \\(Xh,k-X)/X\\B = rhc) inf \\Euh,k-x\\B, k = l,...,q, where E denotes the orthogonal projection of the energy space onto M(A) and Eh the orthogonal projection onto span-fuh,!,... ,Uh,q}, and where rh -> 1 as h -► 0, for I = a,b, c. The purpose of this paper is twofold. The first is to establish an estimate for \r{hl) -1|. We show that (1.4) \rhl) -1| < dn2{h),
where n(h) is a certain measure of the approximability property of {S/i}; for the definition of n see Section 3. This is done in Section 4. In which is an improvement over (1.1) and (1.3c) in the case of a multiple eigenvalue.
[3] also contains estimates for Xh,k -A, k = 2,...,q, and for \\uh,k -"||b, k = 1,...,<7, which are improvements of (1.1) and (1.3c) and of (1.2) and (1.3a,b), respectively. The second purpose of the paper is to present a simplified proof and an extension of the results in [3] . This is done in Section 5.
In Section 2 we give a precise statement of the class of eigenvalue problems and approximation methods we will consider. Section 3 contains some background information.
The second author would like to thank Professor Hans F. Weinberger for several helpful discussions on the topics in this paper.
Setting for the Problem.
Suppose H is a real Hubert space with inner product (•, •) and norm || • ||, respectively, and suppose we are given two symmetric bilinear forms B(u,v) and D(u,v) on H x H. B(u,v) is assumed to satisfy (2.1) |B(u,w)|<Ci|M|H Vu.vGff and (2.2) C0\\u\\2 < B{u,u) Vu 6 H, with C0 > 0.
It follows from (2.1) and (2.2) that \\u\\b = B{u,uyi2 is equivalent to ||u||. Regarding D, we assume is compact with respect to || ■ ||, i.e., from any sequence which is bounded in || • ||, one can extract a subsequence which is Cauchy in || • ||/> For the remainder of this paper we will use B{u,v) and || ■ \\b as the inner product and norm on H and denote this space by Hb- and
(the minimum-maximum principle).
For any A/t we let (2.9) M = M(Ajfc) = {u: u is an eigenvector of (2.5) corresponding to A*}.
We shall be interested in approximating the eigenpairs of (2.5) by finite element or, more generally, Galerkin methods. Toward this end, we suppose we are given a (one-parameter) family {Sh}o<h<i of finite-dimensional subspaces 5/, C HB, and we consider the eigenvalue problem f Seek Xh (real), 0 / uj, 6 S/¡ satisfying I B(uh,v) = XhD{uh,v) VveSh.
The eigenpairs (A/^tt/,) of (2.10) are then viewed as approximations to the eigenpairs (A,w) of (2.5). (2.10) is called the Galerkin method determined by the subspaces {Sh} for the approximation of the eigenvalues and eigenvectors of (2.5). We will also sometimes refer to problem (2.10) as the Galerkin approximation of problem (2.5). The {Xh,j,Uh,j) are referred to as the approximate eigenpairs, while (Xj,Uj) are referred to as the exact eigenpairs of (2.5). Minimum and minimum-maximum principles analogous to (2.7) and (2.8) hold for problem (2.10); they are obtained from (2.7) and (2.8) by replacing HB by Sh and letting k = 1,..., N. We will refer to them by (2.7/l) and (2.8h), respectively. Using (2.7) and (2.8), together with (2.7h) and (2.8ft), we see immediately that (2.12) Xk<Xhtk, k = l,...,N = dimSh.
We will assume that the family {Sh} satisfies the approximabiüty assumption (2.13) su{h) = Hulla1 inf ||u -x||b -0 as h -> 0, for each u € HB.
xeSh It follows from (2.7), (2.8), (2.7h), (2.8h), and (2.13) that (2.14) Xh,k -> Xk as h -» 0, for each k.
Finally we introduce «J = \AÏ«>:
the exact eigenvectors normalized in || • ||£>, and uh,j = V Xh,juh,ji the approximate eigenvectors normalized in || • \\d-Throughout the paper, the specific eigenfunctions satisfying (2.6) ((2.11)) will be denoted by u3 (uhj)-Thus the u¿ {uhj) are normalized in || • ||b; % («fc,¿) denotes the same eigenvectors, renormalized in || ■ ||d-When we denote an eigenpair by (A,u) we will not assume any particular normalization on u. C,Ci,d, and d¿ will denote generic constants.
Preliminary
Results.
In this section we present several preliminary results that will be used in the sequel. For further information on eigenvalue problems we refer the reader to [4] , [8] .
(a) An Identity Relating the Eigenvalue and Eigenvector Errors. Here we present an identity that relates the errors in eigenvalue and eigenvector approximation. Proof. Since \\u\\d < C||u||b Vu € HB, we have u{h) < Cn{h), which is the first inequality in (3.9) with C\ = C_1. Now consider the second inequality in (3.9).
From (3.5) and (3.6) we have \\Tf\\B < H/ll-B, ||7fc/||fl < ll/H-B and hence (3.10) \\T-Th\\H-B^HB<2, and from (3.8) we have (3.11) \\T-Th\\HB^HB=v{h).
We now note that H-B and HB are connected by a scale of Hubert spaces. It thus follows from (3.10), (3.11), and a result on interpolation of linear operators [5, pp.
240-242] that
which is the second inequality in (3.9). G LEMMA 3.3. We have
Proof. Because of Lemma 3.2 it is sufficient to show that lim/,_o v[h) = 0. (2.13) implies that Ph -* I pointwise on HB (in fact, (2.13) is equivalent to this result). Since T: Hb -> HB is compact, T{g € Hb '■ \\g\\B = 1} is relatively compact in HB, and lim/j_o ^C1) = 0 follows from the standard result that a family of operators that converges pointwise on a space converges uniformly on a relatively compact subset. D From Lemma 3.2 we have n2 = 0{u). It may happen that r\2 = o{v). This is shown by the following example. From (2.13) we have ||(7 -Ph)u\\B = eu(ft)||u||B ^0 V«£ 77b-
The usual duality argument (cf. Aubin [1] , Nitsche [10], and Oganesjan-Rukhovets [11] ) shows that ||(7 -Ph)u\\D < Cn{h)\\(I -Ph)u\\B and ||(7 -Ph)u||_B < Cu(h)\\(I -Ph)u\\s. For the sake of completeness we include proofs of these results. 
Proof. Suppose the spaces Hb,Hd, and 77_b, the bilinear forms B and D, and the operators T,Th,E, and Eh have been complexified in the usual manner. Let T^ be a circle in the complex plane centered at fiki -Xk and enclosing no other eigenvalues of T. Then for ft sufficiently small, pktki = X^k.,... ,Hh,k¡+q,-iXh~1ki+1, but no other eigenvalues of Th are contained in Tki, and (3.17a) and (3.17b)
These are the usual formulas for the spectral projections associated with T and ßki and Th and «&,*,,. -■ ,ft,i;,+g,-i, respectively (cf. [9, Section XI.9]).
Consider now the proof of (3.16a). Using (3.17) we have
In the last inequality we used the relation (T -Tk)u -(I -Ph)Tu = ßki (7 -Ph)u. Now ||T -Th\\HB-HB -» 0 implies Ct = «fc, sup \\(z-T^'^Ihh^Hh < oo, zerki 0<h so we have established (3.16a).
Now consider the proof of (3.16b). The above analysis is relative to the space 77b (the integrals in (3.17) converge in the operator norm on 77b and ||T -Th\\HB-HB -► 0). Since T and Th can also be considered on 77B and 1 as ft -► 0 (see (1.3a));
||T _ Tk\\HD->HD -* 0, we can apply the same argument in 77b-Note that the formulas (3.17) will now define projections on 77d which are extensions to Hd of E and Eh. We thus obtain (cf. (3.18))
which is (3.16b). The proof of (3.16c) is similar. D Remark 3.1. It is essential in Lemma 3.5 that ft is sufficiently small, meaning small in comparison with the gap between Xki and Xki-i,Xki+i. If this gap is small, then it can happen that the approximate eigenfunction uktki associated with Xktki could be close to uki-\ or uki+i.
Lemma 3.5 is an eigenvector estimate since it provides an estimate for u(an exact eigenvector) -Eku(a linear combination of approximate eigenvectors).
We note that (2.13) and (3.16) imply that Eh{Xki): M(Xki) -> Mh{Xkt) is one-toone and onto for ft sufficiently small. We next prove a refinement of (3.16a) due to Chatelin [7] , [8] . Inequality (3.16a) shows that \\u-Eh{Xk,)u\\B = VuGM(Afci Proof. For the sake of completeness, and to establish the form of the bound in the second inequality in (3.19), we present a proof of this result. Let Q be the orthogonal projection of 77b onto JV{Th), the null space of Tk. Then, any z G ¿%{l -Eh{Xki)), the range of 7 -Eh{Xki), can be written as , and the fact that 7 -Ek{Xki) and Ph are orthogonal projections, we have \\{I -Eh{Xkt))Phu\\B < if11|(7 -£h(Afci))7VT(Pfc -I)u + {ßk, -ßh,k,){I -Eh{Xki))Phu\\B < 6-l{\\T{Ph -I)2u\\B + K, -ßk<ki|||(7 -£h(Afcl.))Phu||fl}, from which we get ||(7 -7i,(Afc,))Phu||B < dt\\T{Ph -I)\\hb~hb\\(Ph -7)u||fl
In the last equality we used the fact that (P/, -7) and T are selfadjoint and that the norm of an operator and its adjoint are equal.
(3.23) implies |||(7 -Eh{Xk,)Ph)u\\B -||(7 -Ph)u\\B\ < ||(7 -Eh{Xki))Phu\\B (3-24)
We easily see that 11(7 -Ph)u\\B < ||(7 -Eh{Xkx))u\\B < ||(7 -Eh{Xki)Ph)u\\B, and thus
,,",-
Combining (3.24) and (3.25), we have
Recalling that \\{Pk -I)T\\hb-^hb = v(h), we obtain the desired result. D Remark 3.2. (3.19) should be compared with (4.20), which provides a stronger estimate for certain special u's in M{Xki).
Lemmas 3.5 and 3.6 show that starting from any exact eigenvector u we can construct Eh{Xki)u, a linear combination of approximate eigenvectors that is close to u. One can also start with an approximate eigenvector and construct a close exact eigenvector. We present another result of Chatelin [7] , [8] ; see (1.3b).
Lemma 3.7 (Chatelin) .
There is a constant di such that
Proof. Observing that
we obtain \\E{Xki) -Eh{Xki)Ph\\HB^HB < \\E{Xki) -Eh{Xk,)\\HB^HB + \\E{Xkl){I-Ph)\\HB^HB.
We easily see that In this section we use the notation introduced in Subsection 3.(c), i.e., we let fcj be the lowest index of the ith distinct eigenvalue of (2.5) and assume A¡t, has multiplicity (7¿.
(a) The Eigenvalue Error. For i = 1,2,... and j = fc¿,..., fc¿ + g¿ -1 fixed, Chatelin [7] , [8] has shown that (A/ij ~ Xki)/Xkt \\{I -Ph)E{Xkt)uh,3\\2B/\\E{Xk))uh,3\\[C2B We now prove a refinement of (4.1) (cf. (1.3c) and (1.4)). = pkiB{{I -Ph)u, (7 -Ph)u) + D{{I -Ph)u,ukJ -u).
Using the fact that B{u,Uh,3) = B{u,E{Xkx)uh,3) = \\u\\2B, (4.3) can be written as A^~Afc,||«llB = l^ll(/ -^)«H2B + D{{I -Ph)u, UkJ -U).
Ah,]Ak, "le, Dividing by ||(7 -P/i)u||b, multiplying by Xh,3, and subtracting 1 from both sides, we find .4) is due to Chatelin [7] , [8] and is used by her to prove (4.1). Using eigenvector estimates in || • ||b ((3.26)), one can prove
Inequality (4.2), which was proved using eigenvector estimates in || ■ ||b ((3.31b) together with (3.26)), is an improvement over this result since, as we saw in Subsection 3.(b), rf may be of higher order than v. Theorem 4.1 relates the eigenvalue error {Xh,3 -Xki)/Xki to ||(7 -Ph)u\\2B, with u = E{Xki)uh,3. We now prove a result that relates the eigenvalue error to ||(7 -Pfc)u||23/||u||23, where u G M(Afcj) and Eh{Xki)u = uh,3, i.e., u = u£, as defined in Subsection 3.(d). ll(/-^)«ll2B/ll^(Afc,)«|lB " Afc, " + A^ ||(7-Ph)u||2B
It follows from (3.13a) and (3.16b) that We know (see (3.28a)) that II«? -«fc,il|i3 < di»7(ft)||«? -üh,3\\B. where r¡{h) and v{h) are defined in (3.7) and (3.8).
Proof. Let i and j, with i = 1,2,... and j -l,...,g¿, be fixed. Note that eu(ft) < Afc^ift) for all u G M(Afc,) and £¿,_,(ft) < Xkiu{h), j = 1,...,<7¿. that the uk(+,_1 satisfy estimates (5.5). They will not in general, however, be orthonormal with respect to B, so that (2.6) may not be satisfied. It remains to modify the u'kj+ _,, i.e., replace u'fc,+ _x by uki+3-\, in such a way that (2.6) and (5.4) and (5.5) hold. We proceed by induction on j. Let j = 1.
If we define uki = ufc,/||u'fc ||b, we have ||ufc, ||b = 1, so that (2.6) is satisfied. From 
